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Cases in which inhomogeneous 
statistics of waves over currents 
become important:

Extending recent studies by Smit and 
Janssen (2013) and Smit, Janssen, 
Herbers (2015):

Wave rays over vortex-ring

The main ideas we will present

Wave rays over a submerged shoal: Smit & Janssen, 2013. J. 
Phys. Oceanogr., 43, 1741–1758



Relevance and motivation we have in mind

• Sediment transport

• Wave driven currents

• Extreme events

• Measurements of small-scale currents 

Berman, G., 2011. Longshore Sediment Transport, Cape Cod, 
Massachusetts. Woods Hole Sea Grant Bulletin 46.

The Science Education through Earth Observation for High 
Schools (SEOS) Project (www.seos-project.eu).

National Oceanic and Atmospheric Administration (NOAA) 
(https://oceanservice.noaa.gov/facts/roguewaves.html).



Background – Literature 

• Stochastic models as an alternative to Monte-Carlo simulations (WAMDI 
Group 1988; Tolman 1991; Booij et al. 1999).

• Assuming Gaussian and quasi-homogeneous statistics  -->  Transport 
equation of the variance density spectrum (Silverman 1957).

• Assuming slowly varying medium  -->  The action balance equation 
(Longuet-Higgins & Stewart 1961; Whitham 1965; Bretherton & Garrett 
1968; Dewar 1970):

t k x x kN N N S  +  −  =



Objectives

• The main objective: allowing for inhomogeneous statistics to be 
generated over non-uniform currents. 

• This study extends the results of Smit and Janssen (2013) for cases of wave 
propagation over varying bathymetry. 

• Two examples are considered: 

1) Swell waves that interact with a vortex-ring.

2) Swell field propagation over a jet-like current.



Mathematical derivation – Starting points

Assuming slowly varying medium, we define the following evolution 
equation of the action variable (Besieris & Tappert 1976):
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The corresponding evolution equation of the Wigner distribution:

The correlation function:
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The effect of cross-correlations 
maybe important:

Interpretation of the evolution equation

The effect of cross-correlations is 
negligible:
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Waves over vortex-ring Waves over jet-like current

Computed examples:

Wave rays’ curves computed using the ray equations: ,k x
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Examples – vortex ring (mu=0.001)

Planar view of the variations in wave height over the vortex-ring, for an
almost unidirectional, monochromatic incoming wave field (mu=0.001).
Results as predicted by: Present model (left), and SWAN (right).



Examples – vortex ring

At the locations of wave crossing:

The variations in wave height along section A. A comparison is
shown between the present model, SWAN model, and the
deterministic model proposed by Belibassakis et al. (2011).

Section A

BA



Examples – vortex ring

Behind the wave crossing:

The variations in wave height along section B. A comparison is
shown between the present model, SWAN model, and the
deterministic model proposed by Belibassakis et al. (2011).

Section B

BA



Examples – jet-like current (mu=0.001)

Planar view of the variations in wave height over jet-like current, for a narrow-
banded wave field (mu=0.001) with incident direction of 15 degrees. Results as
predicted by: Present model (left), and SWAN (right).



Examples – jet-like current (mu=0.001)

BA DC

Section A Section B

Section C Section D

The variations in wave height along the indicated sections (A, B, C
and D). A comparison is shown between the present model and
SWAN model with mu=0.001.



Examples – jet-like current (mu=0.005)

Planar view of the variations in wave height over jet-like current, for a narrow-
banded wave field (mu=0.005) with incident direction of 15 degrees. Results as
predicted by: Present model (left), and SWAN (right).



Examples – jet-like current (mu=0.005)

The variations in wave height along the indicated sections (A, B, C
and D). A comparison is shown between the present model and
SWAN model with mu=0.005.

BA DC

Section A Section B

Section C Section D



conclusions

• A good agreement appears between the results of the present model and 
SWAN until the crossing zones.

• The present model captures the lateral variability and forward coherency 
due to correlation of crossing waves.

• The stochastic nature collapses when the standard deviation approaches 
zero (the present model results approach to the deterministic results). 

• On the other hand, by increasing the standard deviation, the agreement 
between the present model and SWAN model extends even beyond the 
crossing zones.

• The present model is much slower than SWAN.



Thank you for your attention.
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